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Abstract

We address the mechanism design problem of supply chairatmm—the problem of ne-
gotiation mechanisms to coordinate the buying and sellingoods in multiple markets
across a supply chain. Because effective negotiationegiegt can be difficult to design
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achieve perfect efficiency, budget balance, and individatbnality with incentive com-
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and individual rationality. We use a novel payment rule dase Vickrey-Clarke-Groves
payments, but adapted to our allocation rule. The first anatie present is incentive com-
patible when each agent desires only a single bundle of gdeelgauction correctly knows
all agents’ bundles of interest, but the monetary valuatiare private to the agents. We
introduce extensions to maintain incentive compatibiityen the auction does not know
the agents’ bundles of interest. We establish a good wosst lbaund on efficiency when
the bundles of interest are known, which also applies in scases when the bundles are
not known. Our auctions produce higher efficiency for a bevathass of supply chains than
any other incentive compatible, individually rational ddsudget-balanced auction we are
aware of.

Key words: auction, supply chain formation, mechanism design, coatbnal exchange,
incentive compatible, budget balance

Email addressesnosheb@cs.huji.ac.il (Moshe Babaioff)wwalsh1@us.ibm.com
(William E. Walsh).

Preprint submitted to Elsevier Science 2 January 2004



1 Introduction

Supply chain formations the problem of determining the production and exchange
relationships across a supply chain. Whereas typical rels@asupply chain man-
agement focuses on optimizing production and delivery ixedfisupply chain
structure, we are concerned with ad hoc establishment glygapain relationships
in response to varying needs, costs, and resource avdjlabliese individual re-
lationships cannot be established in isolation becaus@ctifuning supply chain
requires a complete sequence of production through thdysapain. As business
relationships become ever more flexible and dynamic, tlsear increasing need to
automate this supply chain formation process. Automateglgichain formation
is being recognized as an important research challengg fih@ was the subject
of the 2003 Trading Agent Competition [3].

Because procurement and supply contracts in a supply clairngolve signifi-
cant production commitments and large monetary exchaitgesmportant for an
agent to negotiate effectively on behalf of a business. Wewestrategic analysis
can be very complex when agents must negotiate contractaifputs and multi-
ple inputs simultaneously across a supply chain. Fortipatareful design of the
negotiation mechanism can simplify the agents’ strategiblem enormously. We
can effectively engineer away the agents’ strategic prol#g designing an auc-
tion to beincentive compatiblgIC), in which case an agent’s dominant strategy
is to simply report its private information truthfully. G¢hproperties are also im-
portant in a business setting. An auction shouldrnaividually rational (IR), that

is no agent would pay more than its valuation for the goodsdeives. The auc-
tion should bebudget balancedBB) (the auction does not lose money), else there
would typically be little incentive to run the auction. Adidnally, it is desirable
that the auction befficient (maximize total agent value) to ensure that all gains
from trade are realized.

To date, there has been relatively little mechanism desiayk that meets the needs
of automated supply chain formation. To address the proloieimdividual ratio-
nality, much recent effort has focused on combinatoriatians [4] which, by al-
lowing agents to place indivisible bids for bundles of gqoeissure that agents
do not buy partial bundles of no value. Much of this work hasrben one-sided
auctions. To address the two-sided negotiation necessargupply chain, Walsh
et al. [5] analyzed an IR and budget-balanced auction tt@tawnegotiation mis-
coordination by allowing combinatorial bids across themyghain. They found
the strategic analysis challenging, and were able to dBayes-Nash equilibria for
only restricted network topologies [6]. In contrast, thdlv@own Vickrey-Clarke-
Groves (VCG) auction [7-9] (also called the Generalizedkkég Auction [10]) is
incentive compatible and efficient, but not BB with the twdesl bidding needed in
a supply chain. Myerson and Satterthwaite showed that,arsieled negotiation, it
is, unfortunately, impossible to simultaneously achiegdgxt efficiency, BB, and



IR from an IC mechanism [11]. In response to this imposgihiRarkes et al. [12]
explored double auction rules that minimize agents’ ineestto misreport their
values, but maintains BB and high (but not perfect) efficyenc

We exploit the fact that, despite the impossibility theoyénis possible to attain
incentive compatibility with any two of the three desirapi®perties (efficiency,
individual rationality, budget balance) in an auction fapply chain formation. To
ensure IC, IR and BB, we develop auctions that produce inefii@llocations by
design. If this approach seems misguided, we note that thexr$dn-Satterthwaite
theorem actually states more strongly that the three ptiegezannot be obtained
even in Bayes-Nash equilibrium. Thus, since efficiency igsgevitable in sup-
ply chain formation (assuming BB and IR), we focus on sinyitifj the agents’
strategic problem by ensuring IC. Still, it is importantttge do not ignore effi-
ciency altogether, for a highly inefficient auction woulkldly be unacceptable for
business negotiations. Indeed, a trivial way to get IC, iRl BB is to perform no
allocation, which is clearly unacceptable. Babaioff angaxi[13] presented a novel
approach to obtaining IC, BB, and IR and high efficiency irénsupply chains by
structuring auctions in terms of production markets, nathan directly as goods
exchanges. This allowed them to use a variant of McAfee'dtauction [14] to
obtain the properties.

In this paper, we extend ideas from Babaioff and Nisan’'s @gghn to introduce
auctions that are incentive compatible, budget balanasdijradividually rational

for a broader class of supply chain formation problems. utians use a novel
Vickrey Trade Reduction pricing scheme, analogous to thesit VCG pricing, but
giving BB with the Trade Reduction allocation our auctiomedquce. We provide
good worst case bounds on efficiency when the auction knosvadgbnts’ bundles
of interest, and in some cases when it does not. Our auctiaasipes higher effi-
ciency for a broader class of supply chains than any othelGRand BB auction

we are aware of.

In Section 2 we describe our model of the supply chain foromgbroblem. In Sec-
tion 3 we present the rules for the basic Trade Reductionaudh Section 4 we
discuss the computational issues. Although computing ticé@n is NP-hard, we
describe an algorithm for computing the auction in polyrantime, given con-
straints on the consumer preference structure. We alsemraglistributed imple-
mentation of the algorithm. In Section 5 we show that, in th&ecwhen the auction
correctly knows all agents’ bundles of interest, but the etary valuations are pri-
vate to the agents, the auction is incentive compatibleviehaally rational, budget
balanced, and has a good competitive ratio for allocatifieieficy. In Section 6 we
introduce extensions to maintain incentive compatibiltyen the auction does not
know the agents’ bundles of interest. We conclude and stiggesues for future
work in Section 7.



2 Supply Chain Formation Problem

In this section we describe the supply chain formation moblFirst we describe
our model of agent preferences, then we define allocatioassimpply chain. Our
goal in the next section is then to define a rule that choosedl@ation in a way

that supports desirable economic properties. We are coedevith the one-time
problem of computing the allocation. Readers interestedanaging the dynamics
of existing supply chains may refer to Kjenstad [15] for ate@sive review.

2.1 Supply Chain Model

Before describing the formal details, we illustrate a sypgilain with a stylized
example in a small lemonade industry, as shown in Figure & figlure shows in a
supply chain graphhow the lemon juice and lemonade can be manufactured from
lemons and sugar by agents in the supply chain. In the figar@yval indicates
a good in the supply chain. A box indicates a market, which setof agents
who desire exactly the same set of input and output goods.afiosvs indicate
the input/output relationships between the agents and dbelggy The goods are
traded in discrete quantities, and with each good we inditaidiscretization. For
each market, the quantity of inputs needed by one agent dieaied next to the
respective arrows. We assume that an agent can provide dr{atihe appropriate
discretization) of its output good but may require multiplats of an input good.
Borrowing a term from Lehmann et al. [16], we say the agerdssargle minded
to identify the property that each agent has a single bunfdlaput and output
goods that is of interest to that agent. This can often be soredle assumption,
for companies typically have an established way to prodym®duct.

Lemon Lemon Zkg
Pickers (kg

Juice

Consumers
$0.30 $3.20
$0.35 $2.905
$0.40 $2.00

_.8040
$0.45
$0.50 0.5 gallon
$0.55
1kg Lemonade
Sugar Sugar ) Lemonade /v
makers (0.5kg) manufacturers eall
gallon
$0.20 _$0.80 \
8025 3090 3450
$1.00 Lemonade
8035 $1.10 $a.00 | Consumers

Fig. 1. An example supply chain graph in the lemonade inglustr

An agent with an output is a producer, and an agent with oyt is a con-
sumer. For instance, a lemonade manufacturer (a prodwspsjres 1kg of sugar



and 0.5 gallons of juice to produce one gallon of lemonadé,aalemonade con-
sumer wishes to buy 1 gallon of lemonade. A consumer obtamereetary value
from acquiring its bundle of interest, and a producer in@msonetary cost from
producing a good. The values and costs of the individual tagee indicated in a
list adjacent to each market (observe that values are sfsaedhighest to lowest
and costs are sorted from lowest to highest).

The formal model we describe subsumes the linear supplychadel described
by Babaioff and Nisan [13] but is subsumed by the model desdrby Walsh and
Wellman [2].

Formally, we have a sei of agents and a s& of goods, with agents indicated
by integers inl, ..., |A|] and goods indicated by integers[l ..., |Gl|]. A bun-
dleq=(q%, ..., g°) indicates the quantity? of each goody exchanged by an
agent. Positive quantity indicates acquisition of a goagift), and negative quan-
tity indicates provision of a good (output). We restrict @tirention to quantities
g% € {—1,0}UZ™. In other words, we consider agents that can require meltipl
units of an input, but produce at most one unit of an outputfitder restrict our
attention tosingle output agentshat supply at most a single unit of a single good.
That isg? = —1 for at most one good. When comparing quantities in bundles of
goods, we asset = qwhend? > g9 for all g, and assert| > q whend> g and

< > gk for some good.

Agenti has avaluation functionV, that assigns a value to any bundl@ndV;(q) €
{—,Z}. Agenti obtains utilityU;(q, M) = Vi(q) — M, for exchanging bundle
and payingM monetary units. We assume that the agents are rational ward tr
maximize their utility over all possible outcomes. We refieV;(q) as ageni’s
valuefor the bundle of goodg, and we denote the vector of all agents’ valuation
functions byV = (Vi,...,Vja). We interpret negative values assts(e.g., cost
of production, or opportunity cost of providing a good). Wesame the valuation
functions are normalized % (0) = 0 and the value isveakly monotonic in the
quantity of goods, that i (G;) > Vi(q) for all §i such thatj™> g. WhenV;(q) = —oo,
we say that the bundig is infeasiblefor agenti, and whenvi(q) € Z we say the
bundle isfeasiblefor the agent.

Agents aresingle mindedin that each agerithas a uniquédundle of interestd;
that it tries to obtain. The composition of a bundle of ingtr@nd an agent’s valu-
ation thereof, depend on the class of the agent, as we detaiwbWe assume for
all agents thatVi(q) € Z. For convenience, we subsequently dengté;) asvi.
We denote a§ the vector of agents’ values and denotdjabe vector of agents’
bundles of interest. ThearketK (i) of agenti is the set of agents with exactly the
same bundle of interest, formally definedka8) = {j | 4; =G }.

1 Weak monotonicity is equivalent to free disposal for agents



There are two classes of agents, defined by further constramagents’ bundles
of interest and values. donsumelri obtains non-negative valug ¢ 0) for acquir-
ing all goods in its bundle of interesj(> 0), but cannot produce any good. The
consumer’s valu¥;(q) for bundleq is such that:

e If 9> ¢, thenVi(q) = V; (single minded and weakly monotonic).

e Else, ifg¢ < 0 for some good, thenV;(q) = — (a consumer cannot feasibly
produce any good).

e OtherwiseV;(q) = 0 (a consumer has zero value for any feasible bundle not con-
taining its bundle of interest).

A produceri can produce a single unit of a single output from a specifisgjiy

empty) set of inputs, while incurring a cos4:< 0 andq? = —1 for exactly one
goodg. A producer cannot feasibly produce its output withoutmgbluits, nor can it
feasibly produce any other output. The producer’s valgg) for bundleq is such

that:

o If g9 = dig = —1 andq > ¢, thenVi(g) = V; (single minded and weakly mono-
tonic).

e Else, ifq? = §’ = —1 andg* < Gk whereg! > 0 for some good, thenV(q) = —oo
(a producer needs all inputs to feasibly produce its output)

e Else, ifg¢ < 0 whereg! > 0 for some good, thenVi(q) = — (a producer can
feasibly produce only one good).

e OtherwiseVi(q) = 0 (g > 0 and a producer has zero cost if it does not produce
any good).

We denote byCM the set of consumer markets aphll the set of producer markets.

Finally, we consider only supply chains witimique manufacturing technologies
(UMT) property, in which there is only one market that producesgogd. For-

mally, this means that if two producers have the same outiperm, they also have
the same bundle of interest. Note that, although a good candake in only one
way, there can be multiple producers in any market, and plaltharkets that re-
quire the good as an input. As we will show, UMT is necessamnsure budget
balance and our efficiency competitive ratio in our auctldowever, the auction is
incentive compatible and individually rational withouetMT restriction.

The relationship between markets and goods can be repeesasia supply chain
graph, as illustrated in Figure 1 and described above. Wenssshat any graph is
directed acyclic, but can have undirected cycles. The matkecture defines the
supply chain topology.

Definition 1 (supply chain topology) A supply chain topologys a set of markets.



2.2 Allocations

Given a set of agents, we want to determine the productioreacitlange of goods
that constructs a supply chain. Atlocationq specifies how much of each good is
bought and sold by each agent. Let the allocation of gptmlagent be g, with

g? > 0 meaning thait buys|q?| units ofg, andg’ < 0 meaning thai sells|q?| units

of g in the allocation. Allocatior is feasibleif and only if each agent is feasible
and each good is imaterial balance that iszieAqig = 0 for each goodj.

Throughout this paper, we will consider only allocationattpive an agent either
all or none of its bundle of interest. Since each agent hasandle of interest, it
will be convenient to identify an allocation by the set of agent8’ that receive
their bundle in the allocatiolA’ = U;caiq201- We refer to the agents that receive
their bundle of interest as tlveinning agents. Thérade sizeTm(A') in marketm of
allocationA’ is the number of agents ¥ N m. We say that there isadein market
min the allocation?’, if the trade size in market s positive.

The value V(A') of an allocation A’ is the sum the agent values &i: V(A') =
> jeaVj. The value of an allocatioA’ excluding the value of agenis V_j(A") =
Y jeA,ji Vj- In the auction below, the true values are not known, so teeation
values are computed with respect to the values reporteceindbnts’ bids. When
it is necessary to specify the values explicitly, we denbevalue of allocatiod
with respect to specific valugsasVV(A'). An allocationA is efficient (optimal) if
it is feasible and maximizes the value over all feasiblecatmns. Theefficiency
V(A)

. .
of allocationA’ is VR

The efficient allocatiorA for the supply chain graph shown in Figure 1 has value
$7.90, and contains the agents whose costs and values areegpadifive the solid
line in each market. The reader can verify that all goodsranedterial balance and
that each agent il receives its bundle of interest. For instance, each of tioe tw
lemonade manufacturers frequire 1kg of sugar to produce its output, and there
are four sugar makers i to provide the 2kg required in total. Similarly, there are
two lemonade consumers to buy each of the 1 gallons of leneopiadiuced by the
lemonade manufacturers.

3 Trade Reduction Auction

Here we present the rules for the Trade Reduction (TR) aucTioe rules consist of
an allocation rule, defined in Section 3.1 and a paymentdefiéned in Section 3.2.
We include some observations on the payment rule in Sectin 3



3.1 Trade Reduction Auction Allocation

The auction is one-shot and sealed-bid. Each agent repbuadie of interest;
and a valuey;, either of which may not be truthful. The auction then conegudn
allocation, which assigns, for each agent, either its riegpidsundle of interest or the
zero bundle. It also computes payments to be made by each dgpenauction is
a centralized mechanism that uses Trade Reduction rulemanaer based on an
auction introduced by Babaioff and Nisan [13], but for a mgeaeral supply chain
model. Conceptually, the auction first computes an optithatation, based on the
reported values, and uses this to compute a TR allocatioth@agents payments.
To ensure incentive compatibility and budget balance, thai@n removes some
beneficial trades from the optimal allocation.

We define thebid-optimal allocationA*(v), as the feasible allocation that maxi-
mizes the sum of values with respect to the reported bifla the case that the
reported bids are the true values, the bid-optimal allocas efficient).

Definition 2 (Trade Reduction allocation) The Trade Reduction allocation
ATR(v) is a feasible, bid-optimal allocation but constrained toviastrictly fewer
winners than the bid-optimal allocation*A) in each market with non-zero trade.

We say that the agents & (v) but not inATR(v) arereduced (We explicitly in-

clude the bid valuations because it will be necessary ta tefelifferent sets of
bid valuations for computing the payments and proving itigencompatibility.

When the actual set of bids is unambiguous or irrelevant, iwglg denote the
bid-optimal and TR allocation bg* andATR, respectively.)

In the definition, we implicitly assume that there is exaathe bid-optimal allo-
cation and exactly one Trade Reduction allocation thasfgathe equations. In
general, we need a rule to break ties between multiple bisrapand TR alloca-
tions. It can be shown that the auction is not incentive cdrbleaif we break ties
between alternate bid-optimal allocations in favor of tine ¢that gives the maxi-
mum bid-value TR allocation. However, we maintain IC if wedk ties randomly,
independent of reported valuations. We show how to do so ionapatationally
efficient way in Section 4.

If the true values shown in Figure 1 are reported to the anctieenV (A*(v)) =
V(A) = $7.90 andA*(v) contains all agents with values and costs above the solid
lines. All agents above the dashed lines are in the Trade ¢&eduallocation
ATR(v) andV (ATR(v)) = $4.70, giving an efficiency of 9. The TR rules require
that we remove at least one agent fréxi(v) for each market (all markets have
winners), hence we reduce one agent from each of the foltpwiarkets: juice
consumers, lemonade manufacturers, and lemonade corssiBirere one agent is
removed from the juice consumers and lemonade manufastorarkets, we have

to removetwo agents from the juice squeezer market to maintain matesiahloe



of the juice good. Because each juice squeezer require 2kgmains, but each
lemon picker provides only 1kg of lemons, we must remove fments from the
lemon pickers market to maintain material balance of theolergood. Similarly,
we must remove two agents from the sugar markers market totamaimaterial
balance of the sugar good.

An equivalent, and perhaps more illuminating way of defirtimg Trade Reduction
allocation is described below. We begin with an importariiniteon.

Definition 3 (procurement set) A procurement seS{A’} in allocation A is a set
of agents constituting a non-empty feasible allocation tmatains no other non-
empty feasible allocation.

For example, in Figure 1, the following constitutes one prement set: the juice
consumer bidding $2.90, the juice squeezer bidding $0.83temtwo lemon pick-

ers bidding $0.50 and $0.55. Note that since a producer czatupe exactly one
unit of one good, any procurement set has exactly one cons@early, any non-

empty feasible allocation can be partitioned into procueensets. In Figure 1, the
reduced agents (indicated by bids between the solid aneéddistes) can be parti-
tioned to two procurement sets, one including the reducied gonsumer and one
including the reduced lemonade consumer.

The following lemma provides an alternate view of the Tragetion allocation.
As we show in Section 4.2, it also allows us to construct aciefit algorithm for
computing the TR allocation from the bid-optimal allocatio

Lemma 4 The Trade Reduction allocation”® can be obtained from the bid-
optimal allocation A by reducing a disjoint set of procurement sets as follows.
For each consumer market m with trade ih, Aeduce exactly one procurement set
containing one consumer in m. In each market, the agentscestimust have no
higher value than the agents if A

Proof. The lemma directly follows from Lemma 39. Note that Lemma &8s on
the unique manufacturing technologies propeny.

Corollary 5 (to Lemma 4) Given A, the number of agents in each market IH*A
is uniquely defined and the number of agents reduced fromraadket is uniquely
defined.

3.2 Trade Reduction Auction Payments

Here we describe a new payment scheme to obtain incentivepatduility in our
model. Losing agents pay zero. Each winning agegugys the Vickrey Trade Re-



duction (VTR) valuevTR(v). We first present several definitions necessary to de-
scribe the VTR values of the agents.

We denote as = (v;,v_;) the vector of values reported by all agents, whergis
the vector of values reported by all agents exdepet A*(v) be the bid-optimal
allocation with respect te, andA*(v_;) be the bid-optimal allocation with respect
tov_j.

The Vickrey-Clark-Groves (VCG) paymeititom agent with respect to the bidg
is defined as

VCG(v) = V(A (v-i)) =V_i(A"(v)) (1)

Intuitively, VCG (v) is the “harm” done by ageritto the other agents by bidding
vi. Observe thaVCG(v) < v; and thatVCG(v) = 0 if i is not in a bid-optimal
allocation. Consider agetl in Figure 2. If it bids as shown in the figure, it is not
in the bid-optimal allocation andCG(v) = 0. If instead it bids $100, theAl is

in the bid-optimal allocation andCGp; = 29— 9 = 20. Observe thatwould be in
the bid-optimal allocation if it bids any value above $20.

As mentioned above, VCG payments are not budget balancesufiply chains,
but we can extend the VCG idea to obtain BB payments in theelRetuction
auction. We have done this with our new Vickrey Trade Reductayment rule.
The VTR payment rule is a normalized rule, so losing agenyszpeo. Below we
define the payment from a winning agent.

Definition 6 (Vickrey Trade Reduction (VTR) payment) The Vickrey Trade Re-
duction payment from a winning agent iA™R, with respect to the bids, is:

VTR(v) = V(ATRVCG(v),v_i)) — V_i(ATR(v)) ()

where AR(VCG(v),v_;) is the TR allocation obtained when the bid of i is replaced
by VCG(v).

The values are computed with respect to the bids used to dentipel TR alloca-
tions. Ifi € ATR(v) and tie breaking is necessary, we useAh%VCG(v),v_;) and
ATR(v) allocations containingin the VTR computation. Considé¥1 in Figure 2.
If it bids as shown in the figure, it is does not win avi@iR (v) = 0. If instead it bids
$100, therAl wins andVTR(v) = 25— 5 = 20. In fact, ifi bids any value above
$20 it would win and pay $20.

3.3 Observations on the Payment Rule

The VTR payment scheme is a generalization of the paymemnselBabaioff
and Nisan used in their supply chain formation auction [E8re, we refer to
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3 units

7'$35.00

(8,

T$1.00 1 unit

$2.00

~$3.00 Al: $13.00
A2: $8.00
A3: $7.00

Fig. 2. AgentAl does not win the Trade Reduction auction if it reports ite tvalue of
$13.00. It would win and pay $20.00 if it reports any valuea$20.00.

the payments in their auction as the price bounding valu&¥/¢p. The price
bounding valuePBY,; for i is the value reported by its price bounding agent, that
iS Vpea . The price bounding agentPBA(v) for winning agenti and bidsv is

arg maxe a«(v)\ATRwv))nk (i) Vj» that is the reduced agent with the highest bid'sn
market. By Lemma 17 and Lemma 1PBA(v) is independent off's bid when it
wins, so we denot€BA = PBA(v). We use the term “price bounding agent” be-
cause pays at leasPBV; (Lemma 40) in our auction. As we show in Lemma 41,
PBV payments are budget balanced, which means our aucti®B sncei pays

at leastPBV,. So, in effect, the price bounding agents serve as “cutafitpbdto
ensure that the payments from all agents above these poimstcite BB.

Babaioff and Nisan’s auction computes the Trade Reductiooadion (in a compu-
tationally efficient, distributed fashion for linear supmhains) and requires agent
i to payPBV,. In Figure 1, the values reported by price-bounding agemtgust
below the dashed lines and circumscribed by ovals. AlthdB¥; payments give
incentive compatibility for linear supply chains, they dotgive IC in our more
general model, as demonstrated in Figure 2. If aganbids $13.00, as indicated,
it does not win because it is not in the bid-optimal allocatidl has an incentive to
bid any value above $20.00 because then it would win but pByRBVA; = $7.00.

We note thaVTR(v) = PBYV, for linear supply chains, hence our auction is equiv-
alent to Babaioff and Nisan’s auction when applied to lirmgyply chains.

The Vickrey Trade Reduction payment of any winning agentaacalculated from
the VCG payment and the Price Bounding Value as follws.

Lemma 7 VTR(v) = max{PBV;,VCG(v)} for any agent ic ATR,

Proof.By Lemma 20, the Vickrey Trade Reduction Payment for agem'Ris the
critical value fori to be in the Trade Reduction allocation. That ig, lifids above
VTR(v) then it wins the auction and if it bids beloWTR (v) it loses. Since there
can be only one critical value far to prove the present lemma it is sufficient to
show that maPBV;,VCG(v)} is also the critical value far.

2 We thank Zuo-Jun Shen for this observation.
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If i bids belowVCG (V) it loses the auction, because by Lemma 18 it is not in the
bid-optimal allocatiorA*(v), and therefore not in the Trade Reduction allocation.

If, on the other hand, bids aboveVCG(v), then no matter how high it bids, by
Lemma 17, the bid-optimal allocation is the same. Assume thati bids above
VCG(v). By Corollary 5, the number of reduced agents’snmarket is uniquely
defined for the bid-optimal allocation. This means that ag las agentbids more
thanPBV;, i will not be reduced. If bids belowPBYV; then it will be replaced by
the price bounding agent in its market, and it will loses thetian.

We have shown thatis not in the bid-optimal allocation if it bids belowWCG (v)
but is in the bid-optimal allocation if it bids abow&CG(v). We have also shown
that, given that is in the bid-optimal allocation,is in the Trade Reduction allo-
cation if it bids abovePBV;, but not in the TR allocation if it bids beloRBV;.
Therefore, we have shown that r{#BV;,VCG(v)} is the critical value foii to
win the auction, and the lemma is proven.

Note that this Lemma relies on the unique manufacturingreldgies property
because its proof relies on Corollary 5, which also relieshemproperty.

4 Computing the Trade Reduction Auction

In this section we consider the computational aspects oftade Reduction auc-
tion. Computing the Trade Reduction auction requires cdatpn of the Trade
Reduction allocation and the Vickrey Trade Reduction paynfer each agent.
We show that the general problems of computing the bid-agtemd TR alloca-
tions are NP-hard. We show that given the bid-optimal atiocawe can find the
TR allocation in polynomial time, so given the VCG allocatiand payments, we
can calculate the Trade Reduction allocation and paymeislynomial time. We
also show that if the number of consumer markets is boundeal dynstant, we
can calculate the auction efficiently. Finally we show the TR auction can be
implemented as a protocol on a distributed markets infuatire. We note that
the computationally efficient algorithms rely crucially bamma 4, which in turn
relies on the unique manufacturing technologies property.

Before continuing, recall that, when computing the bidhojd and Trade Reduc-
tion allocation, the auction must break ties randomly betwalternate optimal
allocations, independent of reported valuations. An obsjdut very computation-
ally inefficient algorithm for this tie breaking would be tawmerate all optimal
allocations and randomly choose one. We adopt a more cotignaby efficient

method which slightly changes the agents’ bids in a pre@sing stage. First, we
require that all valuations be reported to the auction agets. The auction ran-
domly maps the integef§, ..., |A|]] to agents, one-to-one. The value & added
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to the reported value of an agent assigned to the numBersee that this modifi-
cation to the bids gives us a unique, optimal aIIocationealu.rsthatzi@1 21 <1,
hence any allocation computed is optimal with respect tditle as they are sub-
mitted. Observe also that for any two disjoint sets of pesitntegerdN and M,
we havey;n27" # Yiem 2-1, hence exactly one allocation is bid-optimal with re-
spect to the modified bids. Similarly, this procedure olgarunique, random TR

allocation. Note that we do not include the' Zomponents in the agent payments.

4.1 Computational Complexity

To prove NP-hardness, we present a reduction transform@bo the winner de-
termination problem for the Combinatorial Auction with §le-Minded agents. We
refer to this problem asasm. In an instance ofAsm there is a seller with a s&
of heterogeneous goods, one item for each good. Each bagsra unique bundle
of interesty; with reported value; > 0 (the value of any bundle not containiggs
zero). The winner determination problem is the problem sfgasng the goods to
the buyers such that the sum of the buyers reported valuegxsnized. Lehmann

at el. [16] showed thatAsm is NP-hard.
Theorem 8 Computing the bid-optimal allocation in a supply chain is-N&d.

Proof.We prove the theorem by a polynomial reduction transforometiomcAsm.

The seller is transformed 18 producers, each producing a single item of a unique
good with zero cost. Each buyer is transformed to a consuntlebwndle of inter-
estqg; and reported valug. Clearly, this reduction can be done in polynomial time.
Also, it is clear thatA* is an optimal allocation for this supply chain if and only if
it is a solution tocAsM. Thus, an algorithm for computing the optimal allocation
in supply chain can be used to solvesm, hence our problem is at least as hard as
CASM. O

Although we defined the Trade Reduction allocation in terinthe optimal allo-
cation, it is possible that the TR allocation could be coreduwithout computing
the optimal allocation first. Nevertheless, we can showctlyehat computing the
TR allocation is NP-hard.

Theorem 9 Computing the Trade Reduction allocation in a supply chailNP-
hard.

Proof.We prove the theorem by a polynomial reduction transforomeftiomcAsm.
The transformation is similar to the one described in Theo8g but it has addi-
tional fictive consumers, as well as producers that prodtiesinputs. LetB be
the set of buyers for an instance ©kswm and letL = §-gVi + 1. Observe thal
is higher then the value of any allocation. Each buyer issfiammed to a consumer
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with bundle of interest; and valuey;. For each consumer market with bundje

we add another (fictive) bid with value For each good € G let ng be the total
number of items of good that are demanded by the fictive agents. For each good
g we addng + 1 sellers of the good with zero cost. Clearly, this reduction can be
done in polynomial time.

An optimal allocation for this supply chain must includefative agents, since all
of them can be in the bid-optimal allocatidti and each has a value greater than
all the real consumers together. With goods assigned thalfittive agents, one
item of each good is left to be allocated to the real consunidrese remaining
goods should be assigned to maximize the total value of etdeeomsumers, hence
the allocationd’ to the real consumers is a solution to the instanceasfv. How-
ever, since we are actually computing the Trade ReductionatlonA™, and not
necessarilyA*, we show how to recove¥’ from ATRin polynomial time.

From Lemma 4A'R corresponds té\*, except without the lowest price consumer
in A* in each consumer market with trade. Observe also that tleerde at most
two agents in any consumer marketAh: one fictive consumer and possibly one
real consumer. We conclude that a real consumer &' iifi and only if a fictive
consumer in the same market isAhR. Thus, an algorithm for computing a Trade
Reduction allocation in supply chain can be used to soh&v, hence our problem
is at least as hard @aswm. O

Despite these intractability results, we show in the negtise that there are cases
(e.g. when the number of consumer markets is constant) inhathie auction can
be calculated in time polynomial in the number of agents.

4.2 Algorithms

One approach to computing the bid-optimal and Trade Rewolu@llocations is

to apply advanced integer programming (IP) techniques foperations research
(e.g., by using commercial software such as CPLEX). It igightforward to en-

code the problem of computing the bid-optimal allocatiomadP. For each agent
i we have a variable; € {0,1} which indicates whetheirreceives its bundle of
interest in the chosen bid-optimal allocation. The IP isithe

maximize zAvia
i€

such thatz qigei =0, for each good. 3)
ieA
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The second line in Eq.(3) constrains the goods to be in nahtealance. Agent
feasibility is ensured because agents receive eitherehéne bundle of interest or
nothing at all.

Based on our first definition of the Trade Reduction alloaggtib would appear
natural to use another integer program to compute the TRailtmn, given the bid-
optimal allocation. Instead, we describe a polynomialetialgorithm to compute
the TR allocatiorATR from the bid-optimal allocatioA&* by removing the reduced
agents as described in Lemma 4. Proceditréde-Reduction(A*) (Figure 3)
implements the algorithm by computing the trade SizéA™) for each markem
in ATR Procedur@roducer-Market-Trade-Sizes (Figure 4) actually computes
and returns the trade sizes for the producers in reversdogipal order (ordered
from the consumers). Its argumefit,} mecm is a configuration, which specifies,
for each consumer markat, the trade size im. When the trade siz&,(A™R) is
computed for marketn, the T,(ATR) highest value agents are includedAR®. In
the procedures, we denote lgghe set of markets that desire gogés an input.
Recall that we denote & the number of items of googldesired by each agent in
marketn, sogg - t, is the total number of items of goagidesired by all agents in
marketn.

Theorem 10 ProcedureTrade-Reduction (A*) computes the Trade Reduction
allocation A™R from A* in time polynomial in the number of agenss.

Proof. Since the supply chain graph is acyclic, we can order the etsiik a topo-
logical order. By an inductive argument on the market in regg¢opological order,
the number of winners in each market producing ggoequals the number of
items required by the markets consumupgTherefore the allocation is feasible.
The procedure sets the trade size in each consumer marketrade to the maxi-
mal possible trade size (one less than the trade in the hidralallocation). From
Lemma 4 we know that these trade sizes maximize efficienceutia feasibil-

ity constraint, while ensuring that at least one agent isiced from any market
with positive trade inPA*. The procedure then maximizes efficiency by picking the
highest value agent in each market, according to the traés.si

The procedure runs in polynomial time [iA|, since sorting the agents in markets
(to choose the highest value agents) can be performed inQif#eIg|A|) and the
rest of the procedure operations can all be performed ihtiota O(|A|). O

From the above theorem and Lemma 7 it is clear that if we cajulzk the VCG
mechanism (allocation and payments) then from the VCG ation and payments
we can calculate the Trade Reduction allocation and paysnetitme polynomial
in the number of agents.

Observation 11 The Trade Reduction mechanism can be calculated from the VCG
mechanism in time polynomial in the number of agents.
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Trade-Reduction (A*)
FOR EACH marketm, SetTn(A™R) — 0.
FOR EACH consumer markeh € CM
IF Tm(A*) > O THEN setTm(ATR) « T(A*) — 1.
{Tm(A™) }mepm «— Producer-Market-Trade-Sizes ({ Tm(ATR) }mecm) .
ATR 0.
FOR EACH marketm, add theT,(ATR) highest value agents &',
RETURN ATR,

Fig. 3. Procedur@rade-Reduction.

Producer-Market-Trade-Sizes ({tm}mecm)
For each producer markat< PM producing good), in reverse
topological order
For each market in lg, Setty < tm+ G - th.
RETURN {tm}mepm-

Fig. 4. Procedur@roducer-Market-Trade-Sizes.

Still, because computing the bid-optimal allocation is he#d, the Trade Reduc-
tion auction remains NP-hard in general. Andersson et @).§fhow that the com-
mercial integer programming software CPLEX can be an effechethod for com-
puting the allocation for a combinatorial auction specif@esdan integer program,
and can be faster and more expedient than special purposetiaigs. However,

for our auction we can exploit the structure of a uniqgue maciuiring technolo-
gies supply chain to compute the bid-optimal and the TradduB&n allocations

in polynomial time, if certain constraints hold on the sture of consumer prefer-
ences. Denote d¥yaxthe maximal number of consumers in any consumer market.

Theorem 12 If there are constants, & such that Ma“M < c|A|k then the Trade
Reduction auction is polynomial-time computabléAn

Proof. For brevity, we present only the proof concept. For any giv@mfiguration,
we can apply procedurBroducer-Market-Trade-Sizes on the configuration
and calculate the size of trade in every market in a feasildeation with this
configuration (this can be done time polynomialAi). Given the trade sizes, we
simply pick the highest value agents in each market, whichaearly be done

in time polynomial in|A|. Thus, for a fixed configuration, we can find the highest
value feasible allocation in time polynomial jiA|.

The number of configurations is at masl, M, which is polynomial in|A|

by the assumption thad¥ima/M < c|A/. Therefore, finding the optimal alloca-
tion can be done by enumerating all configurations and picktie highest value
feasible allocation in time polynomial ifA|. Given the bid-optimal allocation,
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we can then compute the Trade Reduction allocation in paohyabtime using
theTrade-Reduction procedure, as described above. Finally, because caluglati
payments requires computing a polynomial number of optandl TR allocations,
these calculations are also polynomial-time computab]a|ind

Note thatNmax < |A|, therefore if the number of consumer markets is bounded by
some (fixed) constark, thenNma /M < |A/X and by the theorem the algorithm is
polynomial-time computable ifA|. So we have the following corollary.

Corollary 13 For the family of supply chains with the number of consumer ma
kets bounded by a fixed constant, the Trade Reduction austjgslynomial-time
computable irfA).

Also note that if the maximal number of consumers in a malkgiy is bounded
by a constank;, and there is a constakt such thatCM| < kolog|A| (the number

consumer market is logarithmic in the number of agents) My Ml < k'f'ogw <
K<2|A['odlkil and the algorithm is polynomial-time computable .

For some supply chains it is quite reasonable to assumedbhatgnod is manufac-
tured from at least two units of its input goods. In this cdeertumber of agents in
a procurement set grows exponentially with the depth of timplky chain. In such

supply chains, the maximal number of consumers in a marketcin feasibly be

in an allocation is indeed significantly smaller then thattaumber of agents, and
we can reasonably expect the assumptions of Theorem 12do hol

4.3 Distributed Implementation

The Trade Reduction auction algorithm described in Thedtrnan also be im-
plemented as a distributed protocol between markets, gkriag the protocol pre-
sented in Babaioff and Nisan [13] (for a general overviewisfributed algorithmic
mechanism design, we refer the reader to Feigenbaum ank&Hhés]). Again,
for a fixed number of consumer markets for example, this patwill run in time
polynomial in the number of agents.

Each agent communicates with a mediator representing itkena&ach market
communicates with its input and output markets, and consuomagkets also com-
municate with a single coordinator. The mediators and doatdr are assumed to
be obedient and run the protocol as specified (only the ageatstrategic).

The protocol works as follows. Each consumer first sendsidtgdits respective
mediator. When a consumer mediator receives all bids fremnihsumers, it sends
thenumberof bids in that market to the coordinator. When the coordinegceives
the numbers of bids from each consumer mediator, it enusgegditconfigurations,
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each specifying the trade size for each consumer markeh, Toeeach configu-
ration, it sends the respective trade size to each consuediator. Recall that we
denote the set of markets that desire ggoak an input bylg. When a mediator
receives the number of units it needs to produce for eacheharky (a consumer
mediator treats the coordinator as demanding a virtualutdtpm it) it performs
Market-Trade-Size-Propagate (Figure 5). This procedure sums the number of
output items demanded to determine the number of winnereimiarkem. It then
propagates to each input marketrothe number of input units needed byfrom
that input market. In the following, we denote Wjy, the set of markets that produce
input goods used by market

Market-Trade-Size-Propagate()

WHEN Gf - tn is received from each marketn Iq, Settm « S nelg G - to.

IF mhas no input
THEN performMarket-Value-Propagate ().

ELSE BEGIN
FOR EACH marketn € Yy, producing good, sendgX, - tm to n.
WHEN a valueV, is received from each marketc Yy

PerformMarket-Value-Propagate ().
END

Fig. 5. Proceduréarket-Trade-Size-Propagate executed by the mediator for market
mwith output goody.

When the trade sizes are computed, producers with no inpoitgate
Market-Value-Propagate (Figure 6) propagates back to the coordinator the total
value of the agents that will trade. The coordinator recealethe values from the
consumer markets and sum them to find the total value of theatlbn.

Market-Value-Propagate ()
SetVy, < the sum of the bid values of thg highest agents im.
FOR EACH marketn € Yy, SetVm < Vin+ Vr.
SenadViy, to one arbitrary market ity and send 0 to all other marketslin

Fig. 6. Procedurarket-Value-Propagate executed by the mediator for markatvith
output goody.

The entire protocol described above is performed for eacdiiguration, and the
coordinator chooses the configuration with the highestealinen, to determine
the Trade Reduction allocation, the coordinator subtraaes from the optimal
trade size for each consumer market and sends these tradetsithe consumer
mediators. The same protocol then computes the TR allotatione round.

By the same argument as in Theorem 12 and from the above pteteaconclude
the following observation.
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Observation 14 If there are constants, & such that May/“M! < c|A[ then the auc-
tion can be implemented as a distributed protocol with ragrtime polynomial in
Al

5 Auction Properties With the Known Single-Minded Model

We first consider the properties of the Trade Reduction andtr a known single-

minded model of agent utility. We say “known” because we assthat it is com-

mon knowledge that the auction correctly knows the bundietefest of all agents,
but an agents’ monetary valuation for its bundle of interegirivate and indepen-
dent of other agents’ values. The “known” assumption canlaesible in estab-
lished industries where production technologies are wedldn.

Under this model, we call the auction KSM-TR (Known Singléalfed Trade Re-

duction). Because the auction knows the bundles of intexash agent only reports
its valuationv;, which may or may not be its true valug to the auction. Under the
KSM model, an auction is incentive compatible (IC) if andyoifleach agent has
the incentive to report its true valuation for its desiredhdle.

In this section we show certain desirable economic progedf the KSM-TR auc-
tion. First, we show that the auction is incentive compatibtdividually rational,
and budget balanced. Then, we show that it has a good comeetitio for effi-
ciency. Finally, we enumerate the properties that do andotlbald if we relax the
unique manufacturing technologies constraint.

5.1 Incentive Compatibility, Individual Rationality, aBiidget Balance

The main theorem we prove for the KSM-TR mechanism is:

Theorem 15 The KSM-TR auction produces a feasible allocation, anddsrtive
compatible in dominant strategies, individually rationahd budget balanced.

Proof. The auction produces a feasible allocation by definitionefrtive compat-
ibility is proven in Lemma 22, individual rationality is pren in Lemma 21, and
budget balance is proven in Lemma 41.

Lemma 16 To prove incentive compatibility of the KSM-TR auction, \aa as-
sume, without loss of generality, that there is one bidroptiand one possible
Trade Reduction allocation for any set of bids.

Proof. To prove the lemma, we use the concept sdadomized mechanispthat
is a probability distribution over a family of deterministmechanisms, as intro-
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duced by Nisan and Ronen [19]. Recall we can implement the RE\auction by
assigning unique integers to all the agents, which in tuiquely specifies which
bid-optimal and TR allocation will be chosen from the altgas with the same bid
value. Then every possible assignment of integers speaifteferministic mech-
anism, and the probability distribution over integer assignts is a randomized
mechanism.

Nisan and Ronen showed that if each deterministic mechagisroentive compat-
ible, then the randomized mechanism is incentive compatifiius, we need only
show that every deterministic instance of KSM-TR is incemttompatible. But
showing this is equivalent to proving incentive compaiipilinder the assumption
that the bid-optimal and TR allocations are unique for amggiset of bids

With Lemma 16, we assume in the sequel that there is a sinddeptimal alloca-
tion and single TR allocation with respect to any set of regmbwalues.

In the following, we denote by the set of reported values whebids V!, that is
vi=(vlv_). Similarlyv? = (V?,v_j).

Lemma 17 If i € A*(v!) and i€ A*(v?) for some agent i, then VGG?') =
VCG(v?) and A (v?) = A*(vY).

Proof. ThatVCG (v!) = VCG(v?) follows directly from the well-known fact that
VCG payments are incentive compatible when agents redegévbit-optimal allo-
cation (if VCG(v!) # VCG (v?) theni could manipulate its payment by changing
its bid, in which case VCG payments would not be incentive gatible). It follows
then thatA*(v?) = A*(v!) because there is only one optimal allocation.

Denote as\" the optimal allocation containing When such an allocation exists,
we defineVCG =V (A*(v_i)) — V_i(A’). (A is uniquely defined by Lemma 17.)

Lemma 18 If there exists a feasible allocation containing i, agend in A‘(v) if
vi > VCG andiis notin A(v) if vi < VCG.

Proof.If vi > VCG thenv; > VCG =V (A*(v_i)) —V_i(A"), giving usV (A*(v)) =
Vi +V_i(A") > V(A*(v_i)). ThusA" must be optimal, hendec A*(v) wheny; >
VCG. If vi < VCG thenv; < V(A*(v_i)) —V_i(A). ThusA is not optimal, hence
i ¢ A*(v) wheny; < VCG. D

Lemma 19 If i € ATR(v) and i< ATR(v?) for some agent i, then VTR?!) =
VTR(v?) and A'R(vY) = ATR(?).

Proof.Assume, wlog, tha#? > v!. By Lemma 17VCG = VCG (v!) = VCG (V?),

henceV (ATR(VCG (v1),v_i)) = V(ATR(VCG(v?),v_j)). It remains to show that
V_i(ATR(v?)) = V_;(ATR(v1)), to proveVTR (V1) = VTR(V?).
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Sincei is in the TR allocation, it is also in the bid optimal alloeati So by
Lemma 18 A*(v?) = A*(v}), hence both TR allocations are chosen from the same
bid optimal allocation. Then, sinc&™ (v!) clearly satisfies all the auction con-
straints wher bidsv?, and sinceA™(v?) is the optimal TR allocation wheinbids
Vi
V(ATR()) 2 VYV (ATR) = VATRY) —f 7.
Subtractings? from both sides, we havé_j(ATR(v?)) > V_;(ATR(v1)). Now we
need to show that _;(ATR(v?)) <V _j(ATR(vY)).

Assume, contrary to which we wish to prove, that;(ATR(v?)) > V_;(ATR(v1)).
If ATR(v?) satisfies all the auction constraints whiesidsv! then sinceA™R(v1) is
optimal with respect to!

V(ATRVY) > VW ATR(VZ)) = V(ATR(VZ)) — VP + Vi

Subtractingv! from both sides gives ug_j(ATR(v1)) > V_j(ATR(v?)) which is a
contradiction. If, on the other hand R(v?) does not satisfy all the auction con-
straints, then the only constraint that could be violateHasv; > v!, wherej is the
price bounding agent i (i) UATR(v?). Consider allocatiod’ = (ATR(v?)\ {i})u
{j}. A satisfies all the auction constraints whesidsvi. So

V(ATRVY) > VWV (A) = V(ATRVZ)) — V2 + v
> V(ATRW?)) -2+ Vi

Subtractings! from both sides gives ué_(ATR(v1)) > V_j(ATR(v?)), contradict-
ing our assumption. Thu¥ _;(ATR(v?)) = V_;(ATR(v1)), giving usVTR(v!) =
VTR(v?). Also, since there is only one TR allocation, we hal&(v!) = ATR(v?).
0

Denote a®\'R the optimal TR allocation containing agenwhen such an alloca-
tion exists, we defing TR = V (ATR(VWCE)) —V_j(ATR). (VTR is uniquely defined
by Lemma 19.)

Lemma 20 If there exists a feasible TR allocation containing i, agewins the
TR auction if y> VTR, and loses the TR auction if ¥ VTR.

Proof. First, we establish thAfTR > VCG. Assume, to the contrary, theTR <
VCG, thenV (ATR(WCG)) —v_j(ATR) < VCG. ThusV (ATR(VWVCG)) <V _;(ATR) +
VCG. Becausé"R(vVCG) is optimal wheri bidsVCG, we havev (ATR(vVCG)) >
V_i(ATR) +VCG, which is a contradiction.

Now, we prove that if; > VTR theni € ATR(v). By the abovey, > VTR > VCG,
soi € A*(v) by Lemma 18. Then, sincg > VTR = V(ATR(WCG)) —v_;(ATR)
it follows that V (ATR) > V(ATR(vWCG)). Assume, contrary to which we wish to
prove, that loses the auction, giving 0§(ATR) < V(ATR(v)). Sincev; > VCG, i
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must also lose with bi/CG, henceV (ATR(v)) = V(ATR(VWCE)), It follows that
V(ATR) < V(ATR(VVCG)), which is a contradiction.

Finally, we prove thatif; < VTR theni ¢ ATR(v). By Lemma 18, ifv; < VCG then
i ¢ A*(v) and thereforé¢ ATR(v). Now, consider the case wheY€G < v; < VTR,
Assume, contrary to which we wish to prove, thiat ATR(v). Then ATR(v) =
AR hencev; < VTR = V(ATR\WCEG)) —v_;(ATR), giving usvi + V_i(ATR) <
V(ATR(VWCG)), Also, sinceVCG < v;, we haveV (ATR(vCG)) <V (ATR(v)). There-
fore

V(ATR(V)) = vi + V_i(ATF) < V(ATR(VCS)) < V(ATR(v))

which is a contradictiond

Lemma 21 The KSM-TR auction is individually rational.

Proof.We must prove that an agent receives non-negative utibtyfoidding truth-
fully. If i loses, it pays zero and has zero utilityi ¥ins by bidding truthfully, then
by Lemma 20y;"> VTR, hence its utility issy — B =V — VTR > 00

Lemma 22 The KSM-TR auction is incentive compatible in dominantistias.

Proof.Consider the case in which agentins the auction by bidding its true value.
If i bids untruthfully and loses, then it gets zero utility, wiigy Lemma 21 can-
not be better than its utility with a truthful bid. ifbids untruthfully and wins the
auction, then by Lemma 19 its payment, and hence it’s utiéityains the same.

Now consider the case in whickoses the auction by bidding truthfully. Its utility is
zero and; < VTR by Lemma 20. Ifi bids untruthfully and loses, its utility remains
zero. Ifi bids untruthfully and wins, its utility is; — P = Vi — VTR < 0.

In both cases, we have shown that an agent cannot improvélitg oy bidding
truthfully, thus proving the lemmaJ

5.2 Efficiency Analysis

We have established that Known Single-Minded Trade Redludiincentive com-

patible, individually rational, and budget balanced, bet &aso want acceptable
efficiency. In this section, we establish a good worst-caset on the efficiency

of the auction. This bound is such that, as the minimum nurob&ades in any

consumer market grows in a fixed topology with the propehiy, Trade Reduction
allocation converges to perfect efficiency.

Definition 23 (Efficiency of an auction) The efficiency EffAYC(V) of an auction
AUC producing allocation AYC in equilibrium, for agents with valuationsis the
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efficiency of AYC. If the auction can produce alternate allocations due toctam-
ization, then the efficiency is the minimum over all possalitecations.

Because our auction is incentive compatible, efficiencyeasured with respect to
an allocation produced by truthful bidding.

Definition 24 (Efficiency competitive ratio) Anefficiency competitive ratio func-
tion of auction AUC is a functioRatic®V® (V) such thaEffAYC (V) > Ratid*VC (V)
for any vector of valuations.

Because KSM-TR generates only positive-value allocatitmes efficiency is al-
ways in the rangé€0, 1], hence we establish a competitive ratio in this range also.
The closer the competitive ratio is to one, the more efficieatauction.

We denote byCM* the set of consumer markets with non zero trade siZe in

Theorem 25 The following function is an efficiency competitive ratiadtion for
the KSM-TR auction:
Tm(A) —1

RatidSM-TR(y) = min TR
meCM* m

if A= 0and
RatidSMTRy) =1
if A= 0.

Proof conceptHere we present the basic intuition for the theorem. Refekpgo
pendix A for the full proof. Consider a simple supply chairttwbone consumer
market wanting a single unit of a single good from one prodotarket. The Trade
Reduction allocation reduces the lowest value buyer ardrs#iat is, the lowest
value procurement set. If the trade size in the optimal atioo isn > 0, then the
trade size in the TR allocation is— 1. The efficiency is the lowest when all pro-
curement sets (seller-buyer pairs) have the same valudichwase the efficiency
is(n—1)/n.

More generally, in a supply chain with unique manufactuteehnologies property,
any two consumers of the same market belong to the same tppoiprocurement
sets. That is, the same number of the same goods need to hecedofbr each
consumer. Again, the lowest value procurement set is retliceach consumer
market. The consumer markeatwith the lowest trade size has the largest fraction
of agents reduced. If the procurement setsnadlso constitute most of the value
in A*, then the greatest value will be lost here and this reduationld dictate
the efficiency loss. So, the guaranteed efficiency is themahover all consumer
markets, of the ratio between the trade size in the TR allmtaind the trade size
in the optimal allocation
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Note that Theorem 25 gives a worst case bound which holdsnipvaluations
of the agents, therefore it holds for any distribution ofuedions. The bound is
dependent only on the number of trades in the optimal aliocat

Recall that the efficiency &A™ for Figure 1 is 059. In this supply chain, there are
two trades in each consumer markefingiving us Rati§SMTR(V) = 1/2, which
is indeed less than the actual efficiency.

Typically, our auction achieves higher efficiency than toenpetitive ratio. The
efficiency can be significantly higher when there is a lardiedince between the
value of the agents in the auction allocation and the valui@fagents reduced
(recall that the low-valued agents are reduced). For igstaconsider a supply
chain with two markets: a producer markeit with no inputs and an output desired
by consumers in markety. If Ty, (A) = 2, then Rati&SM TR(v) = 1/2. But if both
producers inm have a value of Og; is the highest-value consumer, andis the
second-highest-value consumenig, then EffSMTR(G) =V, /(Ve, +V, ). Clearly
then, EFFSMTR(Y) — 1 asvg, /Ve, — .

Nevertheless, the competitive ratio is a tight worst-casenld, in the following
sense. Given an optimal allocation, there exists a set afdfugporting the alloca-
tion that give efficiency arbitrarily close to the competratio.

Theorem 26 LetA be the efficient allocation for agents A and some set of galue
Then for anye > 0, there exists a vector of valugsfor agents A with the same
optimal allocation that gives the bound

EffFSMTR () < RatidSMTR(V) +&.

Proof. Let m = arg Mitmecm: (Tm(A) — 1) /Tm(A). Intuitively we can see the theo-
rem is true when the value of the consumersiis much higher than in all other
consumer markets, making the consumemidominate the efficiency. More for-
mally, we can construct the desireds follows.

e All consumers not irA have zero value.

e All producers not inA have a cost of 1 (any cost that is larger then the value of
the above consumers will do).

e All producers inA have zero value.

e For all consumers € CM*\ mwe setvg <« 1.

e For all consumers € mwe setvg < w for some valuav to be defined (i.e., all
such consumers have the same value).

Note that any agent that was notAq is not in the efficient allocation with the
new vector of value§, and any agent ik remains in the efficient allocation. By
Lemma 4, exactly one consumer need to be reduced from eadtetmaiCM*

in order to satisfy all the conditions of the KSM-TR mechamisTherefore the
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efficiency is:

EﬁKSM'TR(V) _ (Trﬁ(A) - 1)W+ ZmeCM*\n?(Tm(VA) - 1)

Tm(A)W—i— ZmeCM*\ﬁTm( )

Hence, 5
. o, Im(A)—1 . o
lim EffSMTRy) = Tm(A) —1 _ Ratid SM-TR(¥)
woe Tm(A)
The theorem follows immediately]

The Myseron-Satterthwaite impossibility theorem [11]s(dissed in Section 1)
holds, in particular, for the case of a single producer withimputs wishing to

sell one good to a single consumer. In this case, the impbgstheorem implies

that no trade can occur if we want budget balance, individatgbnality, and in-

centive compatibility. With this in mind, and using reasamsimilar to that in the

proof of Theorem 26, we can conclude that, when any consuragtanhas only

one consumer in the efficient allocation, no auction can lhateer than a zero ef-
ficiency competitive ratio. Thus, KSM-TR gives the best passcompetitive ratio

in this case.

5.3 Economic Properties without the Unique Manufacturieghihologies Con-
straint

The Trade Reduction auction allocation and payments ruidasbe applied even
when the unique manufacturing technologies property doebaid. However, the
alternate definition of the auction allocation described.@mma 4 requires the
unique manufacturing technologies (UMT) property. Aduttlly, the character-
ization of the VTR payments in Lemma 7 does not hold when theTUibp-
erty does not hold. Figure 7 shows an example for which thisescase. For any
agent winningi in marketSM, PBV; = —$1300 andVCG(v) = —$16.00, but
VTR = —$4.00# —$1300= max{PBV;,VCG(v)}.

$5.00

Fig. 7. A supply chain for whicNTR(v) # max{PBV;,VCG(v)} (i.e., Lemma 7 does not
hold because the unique manufacturing technologies progees not hold).
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We proved NP-hardness for computing the auction for sugpdyns with the UMT

property. The auction is then necessarily NP-hard when tkd @roperty does

not hold. Unfortunately, because Lemma 4 (and hence Coyd)edepends on the
UMT property, the centralized and decentralized polyndfgi@en constraints on
the consumers) algorithms cannot be used for non-UMT sugpins.

The auction is incentive compatible and individually raabfor non-UMT supply

chains because the proofs do not depend on the UMT propentyeter, the Trade
Reduction auction is not budget balanced if the UMT propddgs not hold, as
shown in Figure 8 (a variation of Figure 7). Thexé[R= PBV for all agents, and
it is easy to see that the total payment is-33- 13< 0.

Observation 27 The Trade Reduction auction is incentive compatible antvidd
ually rational, but not necessarily budget balanced, if threque manufacturing
technologies property does not hold.

It is possible to regain budget balance by adding an exglisilget balance con-
straint to the TR auction, but this at the expense of incerdompatibility.

3 units

Fig. 8. A supply chain without the unique manufacturing temlbgies property and for
which Trade Reduction auction is not budget balanced.

The competitive ratio for Theorem 25 does not hold when thellfivbperty does
not hold. Consider a topology with two markets that suppé/ghme good. Mar-
ket 1 has one agent that can prodgaeith a low costL from some zero cost good
k, and Market 2 has two agents that can each prodweith a high cosH. There
are three agents, each with valder 1 in a consumer market that desgeln the
efficient allocation, all three items will be traded and tladue of the efficient al-
location is 3«(H+1) — (L+2+H) = (H —L+3). In the TR allocation one agent
in each market will be reduced and the allocation valud is1—H = 1. The ef-
ficiency is then Y(H — L+ 3), which can be arbitrarily close to zero Hsgrows.
This violates the efficiency ratio of/3 from the theorem for this non-UMT supply
chain.
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6 Auctions for the Unknown Single-Minded Model

In many situations it may not be reasonable to assume thati@ioa knows the
bundle of interest of the agents. Now we consider the caseent@h an agent’s
bundle of interest and monetary valuation are private an@gpendent of other
agents. With this model, which we call the Unknown Singleatied (USM) model,
the auctions must elicit the bundle of interest informafiamm the agents. An auc-
tion is incentive compatible in dominant strategiesand only if each agent has
the incentive to report its bundle of interest, and its vatmthereof, truthfully,
regardless of what the other agents report. For the USM magedometimes need
to use a weaker solution concept. An auctiomxgost Nash incentive compatible
if and only if each agent has the incentive to report its beraflinterest, and its
valuation thereof, truthfully, given that all other ageatso do so (independent of
the distribution of the values of the other agents).

6.1 USM-TR Auction Mechanisms

Consider the Trade Reduction auction under the USM modethioh each agent
i reports a valu®; and bundle of interesi;, either of which may not be true. Un-
fortunately, the auction is not generally incentive conipatbecause, due to weak
monotonicity of preferences, an agent may be able to gainmyythfully) report-
ing a bundle that contains its bundle of interest. For instagonsider the case in
which we have some consurrewith §3 = 1 for goodg only, and we have another
consumeltb with the same bundle of interest except th@t:“l for some goodk
such thag® = 0. Assume thaa is the only agent in its true market.dfbids truth-
fully, it gets reduced if it is in the optimal allocation, hengets zero utility. Assume
further thatvz > V. Then ifb is winning in its own marketa would win by report-
ing the bundleg, = Gy with valueV;(Gp) to the auction. Sinc®3(da) = Va(Gb),
agenta would obtain a higher utility by misreporting its bundle aterest than by
reporting truthfully.

Since agents cannot obtain positive value by bidding uinflly for smaller bun-
dles, it appears that agents’ incentive to untruthfully foidlarger bundles is the
root cause of lack of incentive compatibility for the TR dantunder the USM
model. We formalize a variant of this notion by introducing@w class of auc-
tions based on the Trade Reduction auction. In the nexiosextve present specific
auctions from this class that remove the incentive for agnuntruthfully bid for
larger bundles, giving incentive compatibility.

A USM-TR auctionaccepts bids from all agents, then applies a publicly known

conversion functionF to the bundles reported in the bids, to gebavertedoundle
for each agent. The auction then applies the Trade Reduatiction rules on the
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converted bundles with the submitted values. Te®utput of F is the converted
bundle for agent and is denoted bl (gi,q—i). The first argument; is the bundle
reported byi and the second argumenpt; is the vector of bundles reported by all
agents other than Because we do not wahktto discriminate between agents, we
require that5 (g, g—i) = Fj (0, q—j) wheng_; equalsy_j assetsof bundles (without
considering the order of the bundles). For any agemtd for anyg_;, F must also
satisfy the following conditions for any bundig

(1) g <F(g,9-i).
(2) The original and converted bundles have the same oumuany goodg,
Fi(g,9-1)9 = —1ifand only ifg’ = —1.

Note that the above conditions allow a function that cors/&rtundles with a null
goodg that is not produced by any producer. This allows us to affelst remove
the bid because an agent can never win a bundle contagnif use this notion
in the next two sections.

Also note that any agenthas the same valuations for its desired bundle and for
the converted bundle of its desired bundle, th& (§i) = Vi(F(di,q-i)). Since the
Trade Reduction auction is individually rational, it faNs that a USM-TR auction

is individually rational.

An agent has no incentive to misreport its output good, that has no incentive
to report an output not in its true bundle or interest or torepbrt an output that is
in its true bundle of interest.

Lemma 28 In a USM-TR auction, for ang_;, and any reported values an agent
receives non-positive utility by misreporting its outpabd.

Proof.Recall that a consumer cannot feasibly produce any goodsdager cannot
feasibly produce any good other than other than its trueutugnd infeasibility
results in negative utility, regardless of the payment.s[isinceF does not change
the output reported by any agent, no agent will have positiiigy if it reports an
output that is not its true output. It remains to prove thapneducer has positive
utility if it misrepresents itself as a consumer (by repaytno output). This is true
since a producer has non positive value for obtaining anylgoand a USM-TR
auction will not give it a positive payment unless it progden output good (since
this is true for to Trade Reduction auction applied on thevedied bids). Thus, any
agent receives non-positive utility by misreporting itéput good.0

With the above lemma, we can assume that consumers will resepriesent them-
selves as producers, and producers will not misrepresentgélves as consumers
or as having any output good other than specified in their lesmaf interest.

An agent has an incentive to report only bundles that conweatbundle that con-
tains its bundle of interest.
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Lemma 29 In a USM-TR auction, for any agent i, agy; and any reported values
v, if i does not report gsuch that Hqi,g—i) > ¢ then i receives non-positive utility.

Proof. First we consider consumers. By Lemma 28 we can assume tbasaroer
bids for a consumer’s bundle, and the USM-TR rules specidy the bundle re-
mains a consumer’s bundle after applying the conversiontiom. By definition,
consumer receives positive value only for bundigsuch thaty > ¢, and the Trade
Reduction auction never gives a consumer positive payrhente the lemma holds
for consumers.

Now, consider a producer. Ifitis not the case thatj, g—i) > §;, then it reports out-
puts it cannot produce, or it does not report all of the inpitsit needs to produce
its true output. In the former case, it receives non-pasititility by Lemma 28,
and in the latter case, it cannot be feasible, hence it rese@ion-positive utility, no
mater how high is the payment it receives. Thus the lemmasHoldoroducersd

Now we can show that an agent has no incentive to misreposlite.

Lemma 30 In a USM-TR auction, for any agent i, aqy, anyv_;j, and any re-
ported bundle gwith the same output a§ such thatg < F(qgi,q-i), i cannot
improve its utility by misreporting its value.

Proof.If g has the properties required by the lemma, we Na\&) = Vi (Fi(0i,9—i))-
Thus, oncey; is fixed, the incentive compatibility in dominant strategef the
Trade Reduction auction implies thig best strategy is to report its value truth-
fully, regardless ofj_; andv_;. O

With this and the preceding lemmas, we need only care abarepriesentations
that result in a agent receiving a bundle that contains tleatagbundle of interest
and has the same output. We now present the main theoremis séttion.

Theorem 31 A USM-TR auction is incentive compatible in dominant styite if
and only if, for any agent i, angj_; and anyv_j, i has no incentive to report any
bundle g with the same output &%, such that g+ ¢ andg < K (qgi,q-i).

Proof. Case if:Sinceqi < F(Gi,q-i) and sinceF does not change the reported
output, we have/;(Gi) = Vi(F(Gi,g-i)). Thus, since the Trade Reduction auction
is individually rational,i receives non-negative utility from reporting its bundle of
interest and value truthfully.

By Lemma 29, has non-positive utility if it is not the case thgt< K (qi,q-i).
Soi can obtain positive utility only iy < F(q;,q-i). By Lemma 28, has non-
positive utility only if it reports its output truthfully. Eince, by Lemma 30,would
report its value truthfully. Then, the auction is incento@mpatible in dominant
strategies if any agemthas no incentive to repog # (i with its true output, such
thatdi < Fi(gi,q-i).
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Case only if:With Lemmas 28-30, the misrepresentation stated in thisfEme is
the only possible way an agent could improve its utility. $hiue “only if” case is
true by definition of incentive compatibilityl

Theorem 32 A USM-TR auction is ex post Nash incentive compatible if arig o
if, for any agent i, anyj, and anyv, i has no incentive to report any bundlewjith
the same output a§, such that g+# ¢ andq < F(qi,q-i), when all other agents
report truthfully.

Proof. The proof is similar to the proof of Theorem 31.

6.2 Ex PostNash Incentive Compatibility by Removing Bids

Consider a particular USM-TR auction we call tbSM-TR-RB (for USM-TR
Remove Bigger) auction, with the conversion functiodefined as follows:

(1) For any producerwe haver (gi,q-i) = G-
(2) Forany consumeyif there exists an agefitsuch thaty > q;, thenF (qi,q—i) =
gi Ug (the bid is removed), otherwidg(q;,q-i) = G-

At first glance it might appear that, because consumer bupdéeremoved when

gi > q; for another consumey, the auction satisfies Theorem 32 for consumers.
However, if j reportsg; instead ofgj, and there is no other reported bundiesuch
thatqg; > gk, then nog; bundles get removed. We can guarantee that all quisiuls

get removed if there exists a reported bungl®ther thang; such thag; > g. If

this holds, then the auction satisfies Theorem 32.

Theorem 33 The USM-TR-RB auction iex postNash incentive compatible, if,
for any consumer |, if there is a consumer i such tgat- 4; then there exists a
consumer k such tha > gi.

Proof. We show that the conditions of Theorem 32 hold for all ageFite auction
does not change the producers’ reported bundles. If a pepdeports its bundle of
interest untruthfully, but with the same output, while ather agents report truth-
fully, the uniqgue manufacturing technologies propertyugas that the producer
will be the only agent in its market and will lose the auctibtence, Theorem 32
impliesex postNash incentive compatibility for producers.

Now, consider consumgras in the theorem, and assume that all other agents bid
truthfully but j bids such that; > d;. If there is no consumersuch thaiyj = dj,
thenj will be the only agent in its reported market and will lose #luetion. If, on

the other hand, there is such a consumand also a consumé&rsuch thaty > dy,

then the bid ofj (and alsa) will be removed. In either case Theorem 32 impkss
postNash incentive compatibility for consumers and the theaseproven.O

30



Note that the condition of the theorem above always holdseifd are at least two
agents in each market. Also note that a consumer would bedarat of the auction

if another consumer has a strictly smaller bundle of intefidss could happen even
if the forced-out consumer has a very high value, potegtadusing the efficiency
to be very low. In fact, the efficiency can be arbitrarily da® zero, hence, in
general, we can give no positive competitive ratio for edicy. However, if there
are no consumeiisand j such thatg > dj, then Theorem 33 holds and there is a
good competitive ratio for efficiency.

Observation 34 If there are no consumers i and j such tigat> g;, then the USM-
TR-RB auction i€x postNash incentive compatible and the efficiency competitive
ratio from Theorem 25 holds for the USM-TR-RB auction.

6.3 Dominant Strategies Incentive Compatibility by Meggiarkets

We can ensure incentive compatibility in dominant strasdiymergingmarkets,

rather than removing bids. ThéSM-TR-Mergeauction is a USM-TR auction with
a conversion functiof that sets the converted bundle for agetat have the max-
imum number of inputs of any reported bundle with the sam@uuas reported
by i. Formally, for agent, each goody such thatqig > 0, and withO; being the

set of agents with the same outputiabi(di,q—i) = maxjco, q?. Observe that all
producers with the same reported output are merged intogdesnarket and all
consumers are merged into a single market.

Theorem 35 The USM-TR-Merge auction is incentive compatible in domina
strategies.

Proof.We show that for any consumiesind any bids from the other ageritsannot
improve its utility by reporting a bundig # ¢ such that"< F(q;,q-). This will
establish the conditions of Theorem 31 for consumers. Alamargument holds
for producers with the same output, proving the theorem.

For any such bundlg; from, the partition of agents into markets is the same as if
i bid truthfully. For any such bundle giving (Gi,q-i) = F(qi,q-i) the converted
bundles for all agents will be exactly the same ashifd truthfully, hence cannot
improve its utility by reportingy; instead ofg; in this case.

For any bundleg; giving F(Gi,q-i) < F(qi,q-i) the partition of the agents into
markets is the same and the bundles for all producer manete@asame as ifbid

truthfully. However, the market containing all the consusnequires more inputs.
The value ta for winning is the same as if it bid truthfully, but we will siwahat

its payment can only increase, which means the utility cannot increase. By
Lemma 20, ifi wins, its payment is the minimal bid value necessary to béén t
Trade Reduction allocation. Sinégdi,q-i) < F(qi,g-i), more inputs are needed
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for each consumer wherbidsg;. Since the additional inputs incur additional non-
negative cost for each consumer, and the ordering of theuoors in their market
(by reported value) does not change, the minimal value forwin is at least as
high with reportg; as withdi. So we conclude that its payment is at least as high
with reportg; as withg;. O

Recall that, by the uniqgue manufacturing technologies@nymssumption, at most
one market can produce any good. Thus, since producersibditly in USM-TR-
Merge, no markets of producers will actually be mergedl, &tthough no producer
markets are actually merged, the merging rule is still nemgsto ensure incentive
compatibility in dominant strategies for the producers.

In general, it is ambiguous whether the USM-TR-Merge amotvould give higher
or lower efficiency than the Trade Reduction auction for &gewmth privately
known bundles and values, with agents reporting truthfuflall true consumer
markets contain only one consumer, then there would be ne trathout merg-
ing, hence merging could not make the allocation worse amgghniinprove it. But
if consumer markets contain multiple consumers, then mgrgiarkets could in-
crease the costs of an allocation, giving it a lower valu@ tivéhout merging. In
fact, efficiency could be arbitrarily close to zero, hencecam establish no positive
competitive ratio for efficiency.

With an additional assumption on the consumers’ bundletef@st, we can avoid
merging consumers markets and ensure high efficiency. Wehsdiythe supply
chain has thé-Input Consumersproperty, if for some fixed integek (publicly
known), each consumer desires exaktiynits of all goods in total. That is, for any
consumer, Y gcc q? = k. If for some fixedk, thek-input consumers property holds,
we can gain incentive compatibility without merging any somer markets. In the
USM-TR-Merge-kIC (USM-TR-Mergek-Input Consumers) auctiof; is defined
for producers as in USM-TR-Merge. No consumer markets angese but the
auction rejects all consumer bids for other thamits in total. Formally, for each
consumet, if ¥4 c'ﬁ]J = k thenF(q;,q-i) = G, otherwiseF(qgi,q-i) = G Ug (the
bid is removed). With thé&-input consumers property, no consumer can feasibly
misrepresent itself as any other consumer.

Observation 36 When the k-Input Consumers property holds, the USM-TR-¢4erg
KIC auction is incentive compatible in dominant strategies

Proof. We show that the conditions of Theorem 31 hold. The conditioold for
producers by the same argument as in the proof of TheoremI85cdnditions
hold for consumers since any agent that misreports its lewofdhterest is removed,
and never improves its utility. Thus the USM-TR-Merge-ki@ton is incentive
compatible in dominant strategiées.
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Since no merging is actually performed, and no agent is rechexhen the agents
bid truthfully, so our competitive ratio bound holds for tb&M-TR-Merge-kiC
auction.

Observation 37 When the k-Input Consumers property holds, the efficienoy co
petitive ratio from Theorem 25 holds for the USM-TR-Merge-&uction.

7 Discussion and Future Work

We have presented auctions for supply chain formation tieaingentive compat-
ible, individually rational, and budget balanced. We ar¢ aware of any other
auctions with these properties and with comparably higleieficy for as broad a
class of supply chain topologies we consider. Neverthelgedelieve there may
be further opportunities for improving efficiency of the @eaReduction auction
while maintaining the properties. Our current approactesebn the existence of
multiple agents with the same bundles of interest to obtah éfficiency. We hope
to find methods for lessening the dependence. It is also que tiat further study
will provide insights into obtaining incentive compatibyland budget balance with
higher efficiency in the unknown single minded model.

We are also interested in developing auctions for a broadss of agent utility
functions, namely without the single minded restrictioar Fastance, OR prefer-
ences allow an agent to specify that it would accept one oerbondles specified
in a set of bundles, with a different value for each bundle, iaralues the set of
bundles it receives as the sum of the values of the bundle® Ki@ferences al-
low an agent to specify that it wants exactly one bundle frospecified set, with
a different value for each bundle, and it values the set ofilasas the maximal
value of any bundle it receives. These extensions woulavadigents (companies)
to express, for instance, different values/costs for hffié quantities and alternate
production technologies. Consider the following obvioasant of our auction to
allow OR or XOR bids. We change the auction to allow agentsaogpOR or XOR
bids, and include the OR and XOR constraints in the auctiaamaldo change the
VTR payments so that i's payment does not depend on its own bidk. tihése
changes, an agent can manipulate the allocation in its fawchanging one of its
bids, thus violating incentive compatibility. Consideethase in Figure 2 where
the true preferences @fl contain XOR components $13 in marké¥11 and $35
in marketCM3. If A1 bids truthfully, it will win none of its bids. If instead)1 bids
less than $28 in thEéM3 market, it will win one unit of the good in mark€M1 and
pay less than $13, giving it a positive utility. We get the sgphenomenon if the
bid is OR instead or XOR. In either case, the auction is nantige compatible.

Future work should include more realistic features of sygplains into our basic
model, including multiple unit production, time-basedfprences (e.g., deadlines
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and production lead time) and non-commodity multi attrdbgbods. We expect to
be faced with interesting mechanism design challengesaptady the auction to
an extended model while maintaining desirable economipgatees.

In a supply chain, agents may not wish to reveal their fullig#ibns outright in the
single-shot auction we developed. Indeed, if agents arsingte minded, it could
be infeasible for agents to communicate their entire pegiegs. To address this
problem, iterative combinatorial auctions have been stilidy others [20] [21].
Extending these results to a supply chain model might irseréhe viability of
auctions for real-world supply chains [22].
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A Proofs

We prove Theorem 25 in this appendix. Before doing so, weentess number of
definitions and lemmas necessary for the proof.

We denote by§{A'}(m) the number of agents in marketin the procurement set
S{A’} and denote bivlarket S{A’}) the set of marketsr € M such thaS{A'} (m) #
0. We denote by (S{A’'}) the sum of valuations of all agents in procurement set

S{A'}, SOV (S{A}) = Siesia) Vi
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Definition 38 (procurement set topology) Two procurement sets{&'}1, S{A'}»
of the allocation Aare of the samerocurement set topolog$, if for every market
m, SA'}1(m) = S{A'}2(m). In this case we write §\'}1,S{A’'}, € S. We say that
procurement set topologyis in the allocationA’ if there exist a procurement set
S{A'} of the topologyS in A'. We denote a§(A’) the set of all procurement set
topologiesSthat are in A.

We denote a&r the set of all procurement set topologies that are possilille w
supply chain topology T.

We note that procurement sets topologies are independéimé a@ictual allocation,
given the topology of the supply chain. For a fixed supply chapology, the set of
procurement set topologies that are possible in that sughain topology is fixed.

For any procurement set topolo§y Sy, we denote aS(m) the number of winners
in marketm in any procurement set of topolog/ S(m) is well defined. Since a
procurement set topology is minimal, there is exactly ongsomer markein for
which S(m) > 0. For that marke®(m) = 1, and we callm theconsumer market of
the procurement set topolody.

For any procurement set topolo@/e Sr, let N*(S) be the maximal number of
disjoint procurement sets with the same topol&gy the optimal allocatio. For
any procurement set topolo@ S(A), we haveN*(S) > 0, and for any topology
S¢ S(A) we haveN*(S) = 0. Similarly, letNTR(S) be the maximal number of dis-
joint procurement sets with the same topol&y the Trade Reduction allocation.

For any marketn we defineTm(A) to be the number of winning agents (trade size)
in marketmin the efficient allocatiom, andRn(ATR) to be the number of reduced
agents in marketn (winning agents inA that are losers in the Trade Reduction
allocation in marketm). The size of trade in markeh in the Trade Reduction
allocation is thereford@,(ATR) = Ty(A) — Rn(ATR).

We denote aM* the set of consumer markets with non zero trade size in the
efficient allocation.

Lemma 39 Letv be any vector of agent values. 1) be the set of procurement
set topologies in the efficient allocatidnfor v. Then:

(1) For any consumer market mCM*, there is only one procurement set topol-
ogy inS(A) for which m is the consumer market. So we can mark the consumer
markets by mand the procurement set topologies®yor i = 1,...,|CM*|.

(2) For each procurement set topology N*(S) = NTR(S) + 1.

(3) For each procurement set topolo§yand its consumer marketnN*(S') =
Tm (A) and N'R(S) = T, (ATR) = Ty (A) — 1.

(4) For each market m, the trade sizes in market m in the opiame TR alloca-
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tions are:
|CM*| |CM*|

- Zl S(M)Tw(A) and Tn(ATR) = Zl S(m —1)

(5) The allocation® and AR can be partitioned to procurement sets in the fol-
lowing way.

ICM*IN*(S) [CM*|N*(8) -1

L_,\jUS and AR= |L_J1 L_J

where S‘flsthe j procurement set of topolo§y; U'CM ‘SN (o) are the reduced
agents and\(SN*(g) <V(g)forall j=1,...,N*(S).

Proof.

Proof of (1). The unique manufacturing technologies property of the yugipain
causes that there is only one procurement set topology ésaai agent in market
m as we show below. The proof is by induction on the markets wense topo-
logical order. If a procurement set topology has one ageabirsumer markan,

it uniquely defines the number of goods that are needed tehg#his agent, and
since a single market produces each good, it uniquely setsumber of winners
in each of those markets. This can be continued till the nurabagents in each
market is uniquely specified, hence there is only one procent set topology for
whichmis the consumer market. Hence we have proven (1).

Proof of (2).LetSe S(A) be the unique procurement set topology of any consumer
marketm € CM*. We now show thalN*(S) = NTR(S) + 1. From the above we
conclude that in order to reduce one agent in mankand maintain feasibility, a
procurement set of topologymust be reduced in the Trade Reduction allocation,
thereforeN*(S) > NTR(S) 4- 1.

It remains to prove tha*(S) < NTR(S) + 1. Assume that this is not true, then for
someS € S(A), N*(S) > NTR(S) + 1, or equivalentlyN*(S) > NTR(S) 4 2. This
means that at least two procurement sets of the same topSgyreduced. Below
we show that for any procurement $&of topologyS e S(A), we haveV (S) > 0.
SinceV(S) > 0 for any such procurement s8twe can add one of the reduced
procurement sets of topologyand increase the value of the allocation while en-
suring that every market with trade has at least one redugsat ar his is true since
we still have one procurement set of topola§yeduced and both procurement
sets share the same set of markets. Thus, we can add one efitleed procure-
ment sets while maintaining the constraints on a TR allocationtradicting the re-
guirement that KSM-TR maximizes the allocation value, sabjo the constraints.
Therefore the assumption is not true, and we have provemti{& < NTR(S) +1
and thereforéN*(S) = NTR(S) + 1 and we have proven (2).

37



We now show that for any procurement Setf topologyS e S(A), we haveV (S) >

0 from the point of view of the KSM-TR auction. To see this,.asg to the contrary
thatV(S) < 0. Then, by removing this procurement set we increase theeefti
allocation value, which is a contradiction. The auctioneresbserved/(S) =0
because it adds the Pvalues to the integral bids (as described in Section 4),éenc
no subset of agents can have value exactly zero.

Proof of (3).Any procurement set topolog$ contains a single agent in its con-
sumer markem, and by feasibility of the aIIocatlon allinputs to each loé tcon-
sumers must be manufactured, therefifgS) = Tm(A) andNTR(S) = Tn(ATR).
Since we have shown thiit (S) = NTR(S) +1, thenNTR(S) = N*(S) — 1 = Ty (A) —

1 = Tm(ATR) and we have proven (3).

Proof of (4).The trade siz&m(A) for each markemis as stated in the lemma from
the following observation. Feasibility of the allocatidndictates that if the trade
size in each consumer markat is T, (A A), then for each markeh a set of agents
of sizeS'(m) mi(A) must be in the allocation (and these sets must be disjoio¢sin
each producer manufacturers a single item of one good).rdlle size in markenh

is the sum of these quantities over all consumer marketanflaiargument works
for the TR trade sizes. We have proven (4).

Proof of (5).From all the above we conclude that

|CM*| N* (S |CM*| N*(S))—1
A=) U S and AR= |J U S
i=1 j=1 i=1 j=1

whereS is the j procurement set of topolog§. U'CM 'SN are the reduced

agents and/(SN*(g)) < V(S]) forall j=1,...,N*(S). This |s smce the reduced
agents are the lowest value agents in each market, so amgetguocurement set
has a lower value (as sum of the agents value) then any proeuteset of the same
topology which is in the optimal allocation. We have seei time procurement set
of each consumer market must be reduced, and thereforeatduced agents can
be partitioned to one procurement set of each consumer imaklechave proven
(5).0

Lemma 40 For any winning agent i, VTR> PBV,.

Proof. Assume, to the contrary, th&fTR < PBV,. If i bids any values; such that
VTR < v;, theni wins the auction by Lemma 20. In particularwins if it bids
VTR < v; < PBV,. But by the definition oPBV,, v; > PBV;, which is a contradic-
tion. O

Lemma 41 LetV be any vector of agent values. The KSM-TR allocatiow faith
KSM-TR payments is budget balanced.
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Proof We denote by (S ) the sum of valuations of all agents in procurement set

» and byP(S ) the sum of payments from all those agents. We denoRalATR)
the sum of payments of all agents in the Trade Reductionailat.

We must show thaPay(A™R) > 0 to prove thatATR with KSM-TR payments is
budget-balanced. By Lemma 39 the Trade Reduction allat#io

|CM*|N*(S))—1

AR= | jL_Jl

i=1

thereforePay(A™R) = |CM | zl (Sj). Soitis sufficient to show thﬁ(gj) >
Ofori=1,...,|CM*| andj =1,...,N*(S) —1, to prove the lemma.

We can build a one-to-one mapping of agents from procurelsrem'ii to agents
from procurement SSN , since both procurement sets are of the same topology
and have the same number of agents in each market.

SinceS'N*(Si) is in the efficient allocation, it must be th‘dt(S'N*(Si)) >0, else it
could be removed from the efficient allocation to get a betlieication, which is a
contradiction.

By Lemma 40 the paymer from each agenk in Sj is at least as high as the
PBVk. This agent has the highest value of all reduced agerk's market. In par-
ticular PBV is higher then the valuation of the agent that adeistmapped to in
S\I ()" Hence, by summing over all agents in the procurement setomnelude

thatP(S ) > Zkes PBV > V(SN (Si)) > 0, which is what we wanted to prove.

We need some additional definitions to carry on with our psoof

Definition 42 (allocation partition) Anallocation partitionP” of a feasible allo-
cation A is a partition B¥,P5', ..., PY of the agents in AThesize of the partition

is k. For any set P, thevalue, V(PY), of the set iy, o

We call an allocatiorA™TR a feasible reduction allocatiorif it satisfies all con-
straints for a Trade Reduction allocation, except that $tsgady does not maximize
value.

Definition 43 (good partition pair) Given vector of agent valuas with efficient
allocation A and a feasible reduction allocatiorf AR we say that the allocations
have agood partition pair P*,P!" if there exists a partition Pfor the efficient
allocation A of size k, and a partition'Pfor a feasible reduction allocationAR
of size k, such that for any+ 1,... k:
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For valuations with a good partition pair we can bound theiefficy of KSM-TR
in the following way:

Lemma 44 Given vector of agent valuas with non-empty efficient allocatioh
which has a good partition pair PP, we have:

Proof. Let the good partition palP* P have sizek. SinceP* is a partition of the
efficient allocationV (A) = TK V(P¥), and sinceP'" is a partition of a feasible
reduction allocationy (ATR) >V (AFTR) = sk v(PI"). Therefore

V(A:I:R> Z| 1V( )
V(A) T sVRY)

Eff KSMfTR(v) —

SinceP*,P'" is a good partition pair, for every= 1,...,k it is true thatV (P*) >
V(P'") > 0. Therefore, we can apply Lemma 45 to get

~—

ERFKSM-TR) > Zu V(P )> k V(P

SCvEn) - V(R

v

t
SinceP*,P!" is a good partition pair, for every=1,... K it is true that\\// E,

ming_& & )N,\IT*(( )) therefore

k tr k TR
EF<SMTRE) > ¢ TWPI ) >t T( min N (S)>
S

|

Lemma 45 For any set of indexes m and pairg,Rnd Qy, such that0 < Ry, < O,

itis true that
2mRm > m|n <Rm)
YmOm — Onm
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Proof. Let k be the index of elements that minimize the ragfr?. For everym
sﬁm > gﬁk, therefore for everyn, Oy * Ry, > Rk*Om Summing ovemwe getOy x

(SmRm) > Re* (3 mOm). Hence,%ﬁ > Re m|nrno , which is what we wanted
to prove.O

From Lemma 44 we conclude that, if the efficient allocatios hagood partition
pair and there is no procurement set topology with a singleynement set of this
topology in the efficient allocation, then we get a compaetitiatio of at least A2.

Lemma 46 LetV be any vector of agents values with efficient allocatlor has
a good partition pair.

Proof. By Lemma 39 the efficient allocation is constructed from prement set
topologiesS fori =1,...,|CM*| such that

[CM*|N*(S) |CM*|N*(S) -1
A=) U Sjand AR= || U S
i=1 j=1 i=1 j=1

WhereS is the j procurement set of topolod¥, andS‘N |s the lowest valua-

tion agents of all agents in procurement sets of topo@ggbbserve that there are
NTR(S) = N*(S') — 1 procurement sets of thigopology in the Trade Reduction
allocationATR,

Let P* = U S and letP" = U:\‘*
quwements for a good partltlon pair hold.

S We need to show that the two re-

e V(P) >V(P") >0: SinceS'N*(Si) IS a procurement set, it has a non-negative
value. Hencey (P¥) —V (P") :V(SN*(si)> > 0. Since every procurement set has
non-negative value, we also havéP'") > 0.

*(S)=1y,
V(R > min N™XS). First observe thay = NS NRC) Hence, b
* VP SeS(A) N (S) - .) sV e
applying Lemma 47 we get
V(P _N*(S)—1 NTR(S) NTR(S)

O

Lemma 47 Letne ZT, me {1,...,n},and X e R foralli € {1,...,n}. If X; >
Xmforalli <mand X< Xy foralli > m, then

Z| 1XI
Z| 1XI
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Proof. The proof is by induction on for any fixedm. For anyn such than > mwe
prove the claim by induction on.

If n=m the claim is true since we have 1 on both sides of the inequalibw
assume that we have proven the claim for saneuch thaing > m, to prove the
claim forng + 1. By the induction hypothesis,

Zi:llxi > m,
Ziilxi No

henceng M, X > ms 0, X;.

SinceX; > Xm > Xn,+1 for alli < m, we haves ™ ; Xi > mX,,+1. Using the induction
hypothesis we get by summation

m m No
noi;Xi +i;><a > mi;Xi +MX+1

therefore m m
Yica X Yit1 X 5 _m

O SR Xit X1 T Not1
which is what we wanted to provel

Finally, we are ready to prove the theorem.

Theorem 25 LetVv be any vector of agents values. The following is an efficiency
competitive ratio function for the KSM-TR auction:
Tm(A) -1

RatidSM-TR¥) = min %
meCM* Ty,

if A= 0and
RatidSM-TRy) =1
if A= 0.

Proof. The second component of the competitive ratio is true by diefim hence
we prove the first component. By Lemmaw6as a good partition pair. By apply-
ing Lemma 44, the efficiency of KSM-TR satisfies the following

V(ATR)

Eﬁ:KSM—TR(‘\'I>Z > mi
V(A) — se§(

NTR<S)
) N*(S)

>3

From Lemma 39 we know that there is a one-to-one mapping afypesnent set
topologies in the efficient allocation to consumer markeis won-zero trade. If
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procurement set topolog$ is mapped to market, thenNTR(S) = T,(ATR) =

-

Tm(A) — 1 andN*(S) = Tn(A).

So we conclude that

EffKS'V'*TR(V/)ZV(ATR> > min NTHS) _ min w
V(A) " se§a) N5 (S)  meCms Tiy(A)
Therefore
RatidSMTRY) = min mA) =1 _ pgrsm-TRy)

meCM* Tm(A)

which is what we wanted to provel
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